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Abstract—The underwater acoustic channel has been
usually modeled as sparse. However, in some scenarios
of interest, e.g., shallow water environments due to the
interaction with the surface and the seabed, the channel
exhibits also a dense arrival of multipath components.
In these cases, a Hybrid Sparse/Diffuse (HSD) channel
representation, rather than a purely sparse one, may be
more appropriate.
In this work, we present the HSD channel model
and channel estimators based on it. We evaluate these
estimation strategies on the SPACE08 experimental data
set. We show that the HSD estimators outperform the more
conventional purely sparse and least squares estimators.
Moreover, we show that an exponential Power Delay Profile
(PDP) for the diffuse component is appropriate in scenarios
where the receiver is far away from the transmitter.
Finally, the HSD estimators and the exponential PDP
model are shown to be robust even in scenarios where
the channel does not exhibit a diffuse component.

I. I NTRODUCTION
UnderWater Acoustic (UWA) communication is
emerging as a technology for applications such as environmental monitoring, marine surveillance and ocean
exploration [1], [2].
UWA channels exhibit challenging characteristics such
as high attenuation, large channel delay spread, Doppler
spread [3], [4] and, consequently, incur low throughput and reliability [5], relative to wireless terrestrial
radiofrequency channels. In particular, the large delay
spread causes intersymbol interference (ISI), which can
be compensated by equalization of the received sequence. However, the performance of coherent equalizers
is highly sensitive to the availability of accurate channel
estimates. To this end, it is crucial to develop channel
estimation strategies that exploit the intrinsic nature of
UWA propagation to improve the estimation accuracy.
Due to the large inter-arrival delays of multipath components, relative to the delay resolution at the receiver,
the UWA channel can be represented by sparse specular

0-933957-39-8 ©2011 MTS

arrivals that can be predicted by geometrically based
ray-tracing algorithms, such as Bellhop [6], once the
environmental conditions are known. For this reason,
several UWA channel estimators based on sparse approximations and compressed sensing have been proposed
and successfully employed in the literature [7]–[10]. In
[11], a comparative study among purely sparse and Least
Squares (LS) channel estimators has been performed,
showing that the former, while improving the estimation
accuracy when the channel is truly sparse, are robust
even when the channel does not exhibit a sparse nature.
However, in many scenarios of interest in UWA communications, e.g., shallow water environments, where the
reflections of the sound waves from the seabed and sea
surface give rise to a richer interaction among multipath components, also a dense UWA channel has been
observed. For these scenarios, a purely sparse model
does not appropriately represent the channel behavior. In
[12] it is shown that shallow-water propagation channels
exhibit high variability, ranging from stable single-path
propagation to overspread, and from sparse to densely
populated impulse responses. This is caused by the rough
surface scattering and by inhomogeneities in the water
column, which induce different angles of arrival of the
multipath components that superimpose at the receiver
according to constructive and destructive interference
patterns.
Although robust [11], channel estimators based on
the assumption of a purely sparse channel are not expected to perform well when the channel is not purely
sparse. For this reason, it is crucial to design channel
estimation strategies attaining high accuracy even in
the scenarios where the channel exhibits a dense, or a
hybrid sparse/dense, structure. In this paper, we study
the application to UWA channels of a novel Hybrid
Sparse/Diffuse (HSD) model, originally proposed in [13]
for Ultra-Wide Band (UWB) systems. This model combines both a diffuse component, to model the multipath

fading arising in dense multipath scenarios, and a sparse
component, to model the fine-grained delay resolution
at the receiver relative to the interarrival time of the
resolvable multipath components. Moreover, we propose
to use an exponential Power Delay Profile (PDP) for the
diffuse component, and measure how this model fits the
sample PDP measured from a representative subset of
the SPACE08 data set. On the same data set, we then
evaluate the Mean Squared Error (MSE) accuracy for
the prediction of the observed sequence attained by HSD
channel estimators; we compare our new estimators with
conventional purely sparse and LS estimators.
We show that the assumption of an exponential PDP
is accurate in shallow water environments where the
receiver is far away from the transmitter, whereas a
clustered model, according to which the channel is
characterized by few strong, resolvable arrivals, each followed by a cluster of weaker arrivals, is more appropriate
when the receiver is closer to the transmitter. Channel
estimation strategies based on the HSD model and on the
exponential PDP model for the diffuse component attain
a better estimation accuracy than conventional LS based
and purely sparse estimators, in scenarios where the
exponential PDP model fits well the observed behavior of
the diffuse component. Nevertheless, these estimators are
found to be robust even in scenarios where the measured
UWA channel does not exhibit an exponential PDP shape
or a diffuse nature.
The paper is organized as follows. In Section II, we
review the state of the art in UWA channel modeling, and
we discuss the importance of employing a HSD model
for the purpose of UWA channel estimation. In Section
III, we present the system model and the HSD channel
model. In Section IV, we design estimators specific to
the HSD model, namely the Generalized Thresholding
and the Generalized MMSE estimators. These estimators
are evaluated on the SPACE08 experimental data set.
Given that we assume an exponential PDP for the diffuse
component, in Section V we show experimental results
for the fitting of the exponential PDP model to the data.
In Section VI, we provide numerical results and compare
the prediction accuracy achieved by conventional purely
sparse, LS estimators and the novel HSD estimators
based on the exponential PDP model for the diffuse
component. Finally, in Section VII we conclude the
paper.
A. Notation
We use lower-case bold letters for column vectors (a),
and upper-case bold letters for matrices (A). The scalar

a(k) denotes the k th entry of vector a, and Ak,j denotes
the (k, j)th entry of matrix A. The matrix A∗ is the
transpose, complex conjugate of A. The vector a ⊙ b
is the component-wise (Schur) product of vectors a and
b. The circular Gaussian distribution with mean m and
covariance Σ is denoted by CN (m, Σ). The Bernoulli
distribution with parameter q is given by B(q). The
indicator function is denoted by I (·). The expectation of
random variable x, conditioned on y is written as E [x|y].

II. U NDERWATER ACOUSTIC C HANNEL M ODELING
In this section, we review current channel models for
UWA communications, and we present a novel Hybrid
Sparse/Diffuse (HSD) model, originally proposed for
UWB channels in [13]–[15]. This model, while retaining
key physical features of the channel, lends itself to the
design of estimators.
In the literature, we can broadly classify UWA channel modeling efforts into a deterministic approach and
a statistical approach. The former aims to develop a
static model, which is able to replicate the multipath
arrival delays and amplitudes, once the environmental
conditions are known. In this category, we include [16]–
[18], which present studies of the physics involved in
the interaction of sound waves with water conditions,
the water bottom and surface. Of particular interest is the
Bellhop tool [6], a ray-tracing algorithm which is able to
predict the multipath arrival pattern of the channel, once
the environmental conditions are known. The statistical
approach tries to identify an accurate statistical model
for the UWA channel, which can be used to develop
and enhance signal processing techniques and algorithms
for communications systems [5], [19]–[23]. In particular,
these studies investigate the second order and complete
statistics of the UWA channel impulse response in order
to derive a suitable and realistic model for simulation
studies and performance analysis.
While these models are important for realistic performance assessment, the full exploitation of the deterministic and statistical properties in the design of channel
estimation techniques can be complex. For this reason,
in this paper we seek a simplified channel model as a
reference for the design of channel estimation strategies.
Due to the relatively slow propagation speed of sound
waves in water (∼ 1.5 km/s), propagation path length
differences of only a few meters can result in delays of
a few milliseconds between arrivals. With typical signal
bandwidths on the order of 5 kHz in mid-frequency systems, such delays between arrivals are easily resolvable
and can result in a sparse multipath structure.

However, in many scenarios of interest in UWA communications, e.g., shallow water environments, a sparse
channel structure is not sufficient to describe other UWA
propagation mechanisms, e.g., diffuse (dense) scattering,
diffraction effects and frequency dispersion, which are
better represented by a dense channel. We thus propose
a novel HSD model, which views the channel as the
superposition of two independent components: the sparse
component, which models the resolvable multipath signals, owing to the fine delay resolution, and the diffuse
component, which models other propagation phenomena
that cannot be described by a sparse structure, such
as dense scattering and frequency dispersion of UWA
channels.
The HSD channel model is presented in detail in the
following section.
III. S YSTEM

MODEL

We consider a point-to-point Underwater Acoustic
channel. The source transmits a sequence of M pilot
symbols, x(n), n = −(L − 1), . . . , M − L, over a
channel h(l), l = 0, . . . , L − 1 with known delay spread
L ≥ 1. The received discrete-time, baseband signal
over the corresponding observation interval of length
N = M − L + 1, is given by
y(n) =

L−1
X
l=0

h(l)x(n − l) + w(n),

n = 0, . . . , N − 1,

2 ) is iid circular Gaussian noise.
where w(n) ∈ CN (0, σw
By collecting the N received, noise and channel samples
in the column vectors y = [y(0), y(1), . . . , y(N − 1)]T ,
w = [w(0), w(1), . . . , w(N − 1)]T ∈ CN and h =
[h(0), h(1), . . . , h(L − 1)]T ∈ CL , respectively, and letting X ∈ CN ×L be the N × L Toeplitz matrix associated
with the pilot sequence, with the vector of the transmitted
pilot sequence [x(−i), x(1 − i), . . . , x(N − 1 − i)]T as
its ith column, i = 0, . . . , L − 1, we have the following
matrix representation:

y = Xh + w.

(1)

The discrete baseband channel vector h is modeled
according to the HSD model developed in [13], [14] for
UWB systems, i.e.,
h = as ⊙ c s + h d ,

(2)

where as ⊙ cs is the sparse component, and hd is
the diffuse component. In particular, as ∈ {0, 1}L is
the sparsity pattern, whose entries are equal to one in
the positions corresponding to the resolvable multipath

components, and zero otherwise; its entries are drawn iid
from B(q), where q ≪ 1 so as to enforce sparsity. Notice
that the smaller q , the sparser the sparse component
as ⊙ cs is expected to be. The sparse coefficient vector
cs is modeled as a deterministic and unknown vector.
Finally, we use the Rayleigh fading approximation for
the diffuse component, hd ∼ CN (0, Λd ), where Λd
is diagonal, with diagonal entries given by the PDP
Pd (k), k = 0, . . . , L − 1.

Remark 1. We assume that cs is a deterministic and
unknown vector, because the statistics of the specular
components, that vary according to the large scale fading,
are usually difficult to estimate. On the other hand, the
Rayleigh fading assumption for the diffuse component is
consistent with the fact that it arises from the contribution of multiple paths in a single resolvable delay bin. Its
amplitude and phase vary according to the small scale
fading. Its PDP can be accurately estimated by averaging
the fading over subsequent realizations of the fading
process. This information may then be used to estimate
the channel via the linear Minimum Mean Squared Error
(MMSE) estimator [24], which improves the accuracy
over LS.
Notice that the LS estimate is a sufficient statistic for
the channel. Therefore, we will refer to the following
sufficient observation model
hLS = (X∗ X)−1 X∗ y = h + n,

(3)



2 (X∗ X)−1 . In the following,
where n ∼ CN 0, σw
h
i
2 (k) = σ 2 (X∗ X)−1
. This represents
we let σLS
w
k,k

the variance of the noise on the k th sample of the LS
2 (k)).
estimate. Therefore, we have n(k) ∼ CN (0, σLS
IV. H YBRID S PARSE /D IFFUSE CHANNEL ESTIMATORS

In [13], [14] we developed a three-step channel estimator based on the HSD model presented in the previous
section:
1) The sparse coefficient vector cs is estimated via
LS, giving the estimate ĉs = hLS .
2) The sparsity pattern as is estimated via either
MMSE or Maximum A Posteriori (MAP) [24],
giving the estimate âs .
3) The diffuse component hd is estimated via MMSE,
based on the residual estimation error after removing the estimated sparse component, (1 − âs ) ⊙
hLS .

The overall estimate of the HSD channel is then given
by
ĥ(k) = âs (k)hLS + (1 − âs (k))

P̂d (k)

2 (k)
P̂d (k) + σLS

hLS ,

where P̂d (k) is an estimate of Pd (k). We have two
different estimators, depending on whether MAP or
MMSE is used 
to estimate the sparsity pattern as . Letting
, where q̃ ∈ (0, 1) is an algorithm
α = ln 1−q̃
q̃
parameter, the Generalized MMSE (G-MMSE) estimator
computes a MMSE estimate of as , given by
M SE
âM
(k) =
s

1

n

1 + eα exp −

|hLS (k)|2
2
P̂d (k)+σLS
(k)

o.

(4)

On the other hand, the Generalized Thresholding (GThres) estimator computes a MAP estimate of as , given
by
n

o
2
AP
2
âM
(k)
=I
|h
(k)|
>
α
P̂
(k)
+
σ
(k)
.
LS
d
s
LS
(5)

This solution determines a thresholding of the LS estimate, hence the name. The intuitive idea behind the
G-Thres estimator is that the LS samples sufficiently
above the "noise" floor, represented by the sum of
the strengths of the noise and diffuse components, are
regarded as active sparse components, whose coefficients
are estimated via LS, whereas the LS samples below
this level are regarded as diffuse components and are
estimated via MMSE. A similar intuition holds for the
G-MMSE estimator.
The parameter q is the true Bernoulli parameter for
as , in contrast q̃ is the value assumed for the estimation
phase [14], [15], which might be different from the
true parameter. Moreover, using q̃ < q improves the
MSE estimation accuracy over using the true q , in the
asymptotic low and high Signal to Noise Ratio (SNR)
regimes [15]. Knowledge of the parameter q is thus not
crucial, since a conservative approach in the estimation
of the sparse component usually improves the estimation
accuracy.
V. P OWER D ELAY P ROFILE M ODELING
In this section, we model the PDP of the diffuse
component. In particular, we assume an exponential PDP,
and we measure the fitting of this model to the sample
PDP estimated from the data, based on the SPACE08
data set. For more details on this data set, we refer
the interested reader to [25]. In particular, we consider
two different receivers, S3 and S5, located at 200 m and

1000 m distance from the transmitter, respectively. The
environment can be classified as shallow water, since the
seabed is 15 m below the sea surface.
The source transmits a pseudo-noise sequence of
length 60 s, with symbols drawn from {−1, 1} at rate
6510 symbols/s. The corresponding received sequence
is divided into sub-sequences of length 30 ms each,
corresponding to N = 194 samples. Let y(i) be the
observation vector from the ith sub-sequence, and X(i)
be the Toeplitz matrix associated with the corresponding
pilot sequence. A time series of LS channel estimates
with delay spread 15 ms (L = 97 samples) is generated
−1 (i)∗ (i)
(i)
X y . This time series
as hLS = X(i)∗ X(i)
therefore represents the samples of the time-varying
channel spaced in time 30 ms apart.
The sample PDP is computed by averaging over
Nch = 1878 subsequent channel realizations, corresponding to an observation window of 56 s. We have
P̂sample (k) =

Nch −1
2
1 X
(i)
hLS (k) .
Nch

(6)

i=0

We now evaluate the exponential model for the PDP
of the diffuse component, and we compare it with the
sample PDP estimated from the data. At this point, since
we are not assuming any a priori model for the PDP, and
therefore we cannot distinguish the specular components
from the diffuse background, which is unknown, we keep
the sparse component to compute the sample PDP and
the exponential fitting.
Let Pd (k) = βe−ωk , k = 0, . . . , L − 1 be the
exponential PDP as a function of the channel delay. This
is parameterized by the power β , and the decay ω . Notice
that ln Pd (k) = ln β − ωk = ρ − ωk , where we have
defined ρ = ln β . These parameters can be estimated
by computing a linear fitting of ln P̂sample (k), i.e., by
solving
X
2
{ρ̂, ω̂} = arg min
ln P̂sample (k) − ρ + ωk . (7)
ρ,ω

k

We then determine the fitting error of the estimated
exponential PDP with the sample PDP estimate as

 X
2
ln P̂sample (k) − ρ̂ + ω̂k . (8)
f P̂sample =
k

Figure 1 shows the fitting error for the two receivers
S3 and S5, respectively, over a representative subset of
the SPACE08 data set. We notice that S5, which is
the receiver farther away from the transmitter, fits the
exponential PDP better than receiver S3. This may be
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Figure 1: Fitting error of the sample PDP, estimated from the
data, to the exponential PDP. The smaller the error, the better
the fitting of the sample PDP to the exponential model.
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Figure 2: A shallow water scenario, with the line of sight
component, and two echoes reflected by the seabed and the
water surface.
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due to a multiplicative loss at each water surface or
bottom bounce and an exponential absorption loss of the
propagation medium.
Figure 3 shows a typical diffuse PDP for receivers
S3 and S5, respectively. We observe that receiver S5
exhibits a more diffuse channel than receiver S3, and
a good fitting to the exponential model. On the other
hand, for receiver S3 a clustered model, where few
strong resolvable multipath components are followed
by a cluster of arrivals, seems more appropriate. This
behavior can be interpreted with the help of Figure 2,
which represents a shallow water scenario with the line
of sight component and two echoes reflected by the
seabed and the water surface, respectively.
Let dT R be the distance between transmitter and receiver, hT the depth of the transmitter/receiver pair below
the sea level, hB their height above the seabed, and
c ≃ 1.5 km/s the speed of the sound wave in the water.
The line of sight component reaches the receiver with a
delay dTcR . The echo reflected
√ by the sea surface reaches
the receiver with a delay

d2T R +4h2T
c

, ideally assuming

(b) Receiver S5

Figure 3: A typical sample PDP for receivers S3 and S5, with
the exponential PDP estimated by linear fitting, and the PDP
estimate based on the EM algorithm [14].

that the reflection occurs at distance dT2R from the source
(a similar expression holds for the echo reflected by the
seabed). Therefore, the interarrival time between the line
of sight and the echo
√ reflected by the sea surface is given
d2 +4h2 −d

TR
TR
T
by τinter (dT R ) =
, which is a decreasing
c
function of dT R . Therefore, the further away the receiver
from the transmitter, the smaller the interarrival time,
the richer the interaction of the multipath components,
and the more diffuse the nature exhibited by the UWA
channel.

VI. N UMERICAL R ESULTS
We now present some numerical results, and we compare the mean squared prediction error of the received
sequence using HSD, LS, and a purely sparse estimator,
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Figure 4: Mean squared prediction error of the observed
sequence for receiver S3, G-Thres estimator.

Figure 5: Mean squared prediction error of the observed
sequence for receiver S5, G-Thres estimator.

as a function of the SNR. In order to generate all
the SNR values of interest, we add
UWA noise
√ the
−1
(i)
> 0, to the
sequence w , scaled by a factor S
received sequence y(i) in the estimation phase, so as to
induce SNR dependent channel estimation errors. Letting
ĥ(i) be the ith channel estimate,
√ −1estimated from the
noisy received sequence y(i) + S w(i) , y(i+1) be the
observed sequence that we want to predict, and X(i+1)
be the Toeplitz matrix associated with the corresponding
pilot sequence, the MSE for the prediction of y(i+1) is
defined as


2
(i+1)
(i+1) (i)
,
(9)
−X
ĥ
E y
2

where the expectation is computed with respect to the
realizations of the noise (intrinsic noise in the experimental data set and additional noise w(i) ) and of the

channel. The overall mean squared prediction error is
computed by averaging the sample squared error term
2

y(i+1) − X(i+1) ĥ(i) over the sub-sequence index i,
2
and over multiple received sequences, each 60 s long,
collected over different times and environmental conditions.
For the HSD model,
 we consider the G-Thres esti, q̃ = 0.001. For the sake
mator, with α = ln 1−q̃
q̃
of clarity of exposition, we provide the results for the
G-Thres and G-MMSE estimators in separate figures.
Moreover, we discuss the results only for the G-Thres
estimator, since the same considerations hold for the GMMSE estimator. We consider two different cases for
the estimate of the PDP of the diffuse component: the
sample PDP estimate, averaged over Nch = 1878 subse-
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Figure 6: Mean squared prediction error of the observed
sequence for receiver S3, G-MMSE estimator.

Figure 7: Mean squared prediction error of the observed
sequence for receiver S5, G-MMSE estimator.

quent channel realizations, corresponding to a temporal
window of 56 s; and the exponential PDP model, based
on only one channel realization. In the latter case, we
employ the Expectation-Maximization (EM) algorithm
[26] developed in [14], which exploits the HSD structure
of the channel to jointly estimate the sparse and diffuse
components, and the power β and decay rate ω of
the exponential PDP of the diffuse component. One
realization of the channel is sufficient in this case, due
to the structure of the PDP which makes it possible to
average the fading over the delay dimension, rather than
over subsequent channel realizations.
As to the purely sparse case, we employ the G-Thres
estimator assuming no diffuse component, to allow a fair
comparison with the HSD model. This estimator, due
to its thresholding operation, generates a sparse channel

structure.
Figures 4 and 5 show the mean squared prediction
error for receivers S3 and S5 for the G-Thres estimator,
respectively. In particular, the labels "G-Thres data" and
"G-Thres model" refer to the G-Thres estimators using
the sample estimate of the PDP of the diffuse component
and the exponential PDP model, respectively.
We notice that both the G-Thres and the sparse estimators perform better than LS, as observed in [7], [8],
[11] for other sparse estimators. Moreover, in the low
SNR region the G-Thres and the purely sparse estimators
achieve the same prediction error. In fact, in this region,
the diffuse component hd is below the noise floor, and
cannot thus be distinguished from the noise. Therefore,
an accurate estimate of hd is not possible in this regime,
and the HSD model does not bring any advantage over
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Figure 8: G-Thres estimator, estimated sparse and diffuse
components for receiver S3.

Figure 9: G-Thres estimator, estimated sparse and diffuse
components for receiver S5.

a purely sparse one. On the other hand, in the high SNR
region all the estimators converge to the prediction error
of LS. This can be explained with the fact that, when
the noise level is negligible compared to the signal level,
the prior knowledge about the channel structure provides
no useful information. Moreover, the prediction error
floor for high SNR is the result of intrinsic noise in
the experimental data set, and of channel perturbations
over subsequent observation intervals (notice that the
prediction error floor is different for receivers S3 and
S5, due to the fact that they incur different noise levels
and rate of channel variations).
The G-Thres estimators outperform the purely sparse
estimator in the medium SNR range. In fact, although
based on a simplified model of the diffuse and the sparse

components, they are able to capture further diffuse
structure of the UWA channel, which is discarded by
a purely sparse estimator.
Comparing the two G-Thres estimators (with sample
PDP estimate of the diffuse component and exponential PDP model), we observe that the best prediction
accuracy is achieved by the G-Thres estimator with
the sample estimate of the PDP. However, the G-Thres
estimator based on the exponential model for the PDP
performs very close to this lower bound, although some
performance loss can be observed in the medium SNR
range, due to a non perfect fitting of the data to the
model.
Notice that a similar behavior of the estimators can
be observed for receivers S3 and S5, despite the fact

that receiver S3 exhibits a sparser channel structure than
receiver S5. We conclude that the G-Thres estimator is
robust, and achieves good estimation accuracy even in
channels which do not exhibit a diffuse nature.
Similar considerations hold for the G-MMSE estimator, whose prediction error is shown in Figures 6 and 7
for receivers S3 and S5, respectively.
Finally, in Figures 8 and 9 we plot the outputs of
the G-Thres estimator, with the estimate of the sparse
and diffuse components, for a channel realization at
receivers S3 and S5, respectively, and for the high and
medium SNR regimes. We notice that only one specular
component is detected at receiver S5 at high SNR. In
fact, receiver S5 exhibits a more diffuse channel, and a
good fitting to the exponential PDP model, as discussed
in Section V. On the other hand, a larger number of
sparse components are detected at receiver S3, which
exhibits a sparser structure (Figure 3). Also, we observe
that fewer sparse components are detected at medium
SNR, than at high SNR. In fact, the threshold level
decreases with the SNR (see equation (5)), and thus
fewer specular components can be distinguished from
the noise and diffuse background as the SNR decreases.
VII. C ONCLUDING R EMARKS
In this paper, we have proposed the use of a Hybrid
Sparse/Diffuse (HSD) model for Underwater Acoustic
channels. This model is appropriate in scenarios where
the channel exhibits a dense arrival of multipath components, e.g., in shallow water environments. Moreover,
based on previous work [13]–[15] for Ultra Wideband
systems, we have proposed estimation strategies based
on the HSD channel model, namely the Generalized
MMSE and the Generalized Thresholding estimators.
We have tested the exponential power delay profile
for the diffuse component in the SPACE08 data set, and
verified that this model fits well in scenarios where the
receiver is far from the transmitter and the environmental
scattering gives rise to multipath fading. We have shown
by numerical results that the HSD estimators outperform
purely sparse and least squares estimators in the medium
SNR regime. Moreover, the HSD estimators based on the
exponential model for the PDP of the diffuse component
are robust, and achieve high accuracy even in scenarios
where the receiver exhibits a clustered channel structure.
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